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Problema 1

Daca [x] reprezintd partea intreagd a numarului real x, determinati numarul natural n
pentru care:

i <[W] >= 210.

k2 +1
k=1
Solutie:
K12 4 4K® 43 = (K8 4 2)% — Lttt et e 1p
[VkTz + 4k6 + 3] = [\/(k6+2)2—1]=k6+1.. ................................................................. 2p
Se obtine Y-, ’t(% 1) = 200 Ip
(k2+1)(k*-k2+1) n(n+1)
Avem X, +(FE T 1) = 2102 B k=210 552 = 210 2p

SN2+ N =420 = 0 D7 = 20 ce et et e 1p
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Problema 2

Se considera numarul real a situat in intervalul (0;1).

. . 1 1) .
a. Determinati intersectia intervalelor I = (ﬂ; —) siJ = (1; l).
H H 2 \/E 5 a

.. 1 . . . . :
b. Daca intervalul (a; ;) contine exact trei numere intregi, calculati

S:[ﬂ + [QH] + [2a+1] 4ot [10a+1], unde [x] reprezinti partea intreagd a numarului

a

a a
real x.
Solutie:

a. Dacdaa € (0;1), atunci % >1,deci0<a<1< % ......................................... Ip

Aplicand x < \/xy < % <y, Vx,y € (0;0),cux <y pentrux = asiy =1, apoi
—1qv=21 5 a+l 1.1
pentrux—lsly—arezultaa< > <1<\E<a ........................................ Ip
. 1

DeciInJ = (1, Ta) .............................................................................. Ip

b. (a; %) contine exact trei numere intregi si conform punctului anteriora < 1 < % rezulta
@ <1 <2<3 =S A, 1p
na+1 1 1
[T]Z[n+g]=n+[z] .................................................................... 1p
Caz I % < 4,rezulta E] =3
DeciS=3+ B3+1)+B+2)+-+(B3+10); S=88 .c.cviviiriiriiiiiinnn.. Ip

Caz II: 2 = 4,rezulta || = 4,deci S =99...............cooiiii, Ip
a a
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Problema 3

Se considera o multime G C R care satisface simultan proprietatile:
)1eaq
ii) daca x € G, atuncivx + 2 € G.
iii) dacavx + 3 € G,atunci x +4 € G.
Aratati ca V2021 € G.

Supliment Gazeta Matematica nr.12/2022

Solutie:

Demonstram prin inductie matematica, ca 3n € G,(V) n € N*.
P(n):3n € G,(V)n € N*.

l. Verificare pentru n=1
Dacil € G = 1+ 2 € G=+/3 € G (din ii)
V3 €G=>V0+3€G=0+4 € G(diniii) =4 €.
4€eG=>V4+2€G (dinii)) =V6 €G.
V6eG=>V3+3€G(diniii)>3+4€G6=>7€6.

Daci7 €EG2V7+2€G6VIEG (MiNT) 23 € Guveevvveeeeieee e

Il. Demostratie

Presupunem P(k) adevarata = P(k+1) adevarata, oricare k > 1.
P(k): 3k € G,(V) k € N™.
P(k+1):3(k+1) € G, (V) k e N~
3k € G = V3k+ 2 € G (dinii)

V3k+2=,(Bk—1)+3€G6G=3k—1+4€G(inii)=>3k+3€6G=>3k+1)€G....
Cum 2021 =3-673+25i3-673€G =>v3-673 +2 € G (dinii) =>v2021 €G........

3p

.2p
2p
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Problema 4

Fie paralelogramul ABCD si punctele M, N, P astfel incat M € AB, N € BC, P € CD astfel
incat AM = %E, BN = gﬁ,ﬁ = am’), unde a € R*.
a) Daca {0} = AC N BD, exprimati vectorii W, ON, OPin functie de vectorii AC si BD.

b) Determinati « astfel incat centrul de greutate al triunghiului MNP sa fie pe dreapta AC.
Solutie:

a) AM=3-AB=>AM=3-ME=>22=3
4 MB
OM=——-0A+——-0B="2-AC=2-BD...oo oo 1p
1+3 1+3 8 8
BN=2.BC » BN=2-NCoon_2
—_— = — — = — = —
8 ~ 3 c 3
ON=-"5%0B+—=5-0C30N="2BD 4 -2AC s eeeeeeeoeeeeeeeeeeeeeeeeeeeee . Ip
1+§ 1+§ 16
DP=a-DC=D0+0P=a- (D0 +0C) =
5?=(a—1)%-ﬁ+%-ﬁ=>5ﬁ=1_7a-ﬁ+%-ﬁ ............................................. Ip

b) Dacd G este centrul de greutate al triunghiului MNP

= 0G = (OM + 0N + 0P) « ....ooioiiiioee e Ip

0G = l(iﬁ +32BD+2AC+=BD +%BD + EA_C’) = l(8"”3,4_)6 + "8“"15)') e Ip
3\8 8 16 16 2 2 3 16 16

0G si AC sunt coliniari iar BD si AC sunt necoliniari= %6_1 =0=>a= %1 ................... 2p



